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an encounter is given by (4.5).
Let inequalities (3.1) and (3.6) hold, i.e.,

481 (-0 T )<v<d @Dyt

We write the equation for the number s of (3.7):
v=208+4(s—7 v+ Bln(lg— v

Then, we find from (3.9) that the law of mass variation has the form (4.5) with TS ¢<s,

and with s<{<p,
m{t)=m(®) g —llg— N, k=B/|w]

Knowing the conditions for an encounter with any a:»0, we can find /4/ the value of the
game, when the pay-off is the distance |z(g)|. In our example, the set 7'Y(X) is not a stable
bridge. This implies that termination of the game after the first instant of absorption /8/
is not possible for all initial positions, while the value of the game is not the same as the
programmed max-min.
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CONSTRUCTION OF MIXED STRATEGIES ON THE BASIS OF STOCHASTIC PROGRAMS
A,.N. KRASOVSKII

The optimal control problem in the class of mixed strategies is considered,
under the condition that the guaranteed result is minimized. An efficient
method of constructing the optimal strategy by means of stochastic program
synthesis is given. The results extend the theory given in /1-7/.

1. Formulation of the problem. we consider the object described by the differen-
tial equation ‘
=AM +iGu), L<IK< vER vaW {t.1)

where z is the n-dimensional phase vector, u the r~dimensional control vector, v the s-
dimensional noise vector, R and W are compacta, the matrix function A (f) and vector function
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f(t, u,v) are continuous, and ¢ and ¢ are fixed.
We are given the performance factor y = |z [®] |, where |z | is the Euclidean norm of .

Along with the object z of (l1.1) we consider the model y, connected to the control organ.
Its phase state is defined by the n-dimensional vector y [z
We define a mixed strategy as a combination

S*=A{R(:), p(-); R* (-}, p* () W* (), ¢* ()} (1.2)
of sets and functions
R()={R(e)={uWeR, I=1..,N} >0}
R*(:)=R() .

p{)={p:i(t,z,y,8) >0, 2]1 Pz, ye)=1}

Ne
p* () =1{p*(t, z,y,€) >0, gllpz*:l}
W* ()= {WH(e) =MW, m=1,..., M}}

Mg
q*('):{Qm*(trIvyre)>Ot glqm*:1}

The control law U, corresponding in the interval [f,, ] to strategy §* of (1.2), is
defined as the combination

U={8%e>0; A{t;}}, i, St 9) (1.3)
Aftd ={ti=te, .. ., L < tigg, Lty = 0} (1.4)
The basic probability space {Q, F, P}, is constructed in the standard way on the basis
of the functions p(:), p* (+)y ¢* () and the properties of the random noise
vit, 118, ) ={vit,ol=W, ¢, <t<? 0= Q) (1.5)

The control law U of (1.3) jointly with the noise v[-] of (1.5) generates from the

initial positions {f4, Z4} and {fy, Y.} random motions of the object z and of model y, which
are found as solutions of the stepped equations

ol =4 @ zlt ol + 7 ult, ol, vit, ol), t; <<t < tig, (1.6)
i=1, ...k

Ne. Mg
yibel=A40yltol + Z_lf'(t, uld, plml) p* (8, 2 [t;, 0], 1.7

Y [t‘h (1)], 8) qm* (ti’ x [tiv (1)]1 Y {tir (1)], 3)1 t; < t < ti+1

When forming the motion z (¢, ®] in accordance with (1.6), a random test is made at each
step at the instant f; on the choice of the vector ult;, ol& R (¢) with conditional probability

P (ult;, ol =ull|zlt;, o, ylt;, ol} = p, (t z [t 0l, y 12, o], )

We assume that the noise is stochastically independent of the control at each step, i.e.,
Pl ol C zlt, ol, ylt, ol, ult, ol)=
Pt ole=sC |zlt,;, vl, yli;, o)
We define the guaranteed result for U, {ty, Z.}, {ts: ¥} and Ppe[0,1) as the quantity
p (U; ty, 24y Ys; B) = mina (1.8)

where the values o satisfy the condition P (y= jz[8, ol | a) > P for any admissible noise
(1.5).

For strategy S, we define the guaranteed result for {t,,z,} as the number

p(S¥ ty, 7)=lim Iim lim sup lim supp(U; ey Zys ¥u;: B)
B—1 e~ [—0 |yys~x,|<<E 0—0 Ay

(As = A {t;} is the division (1.4) with step max, |ty — £ | << 6).
We shall call the strategy So¢* optimal if we have

P (So*; Ly :c,,)=minp(S"; by, 24) =" (Eas T4) (1.9)
8
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for all positions {t,,z,} & G, where G is a pre-assigned bounded closed domain which satisfies
the condition: given any initial position {iy, 24} & G {ty, ¥:} € G, we have for every possible
motion z [t [-19, o, y {4, 1-19, ©] the inclusion {2t ol} =G, {t.ylt, o]} =6 for all te=lt,,
8l,e=sQ (/5/, p.67). The quantity p° (i, x,) of (1.9) is the optimal guaranteed result.

Our problem is to evaluate p°(f,, Z,) and to construct a strategy So'.

We have:

Theorsm 1.1. An optimal universal strategy S¢' == {So* (¢, z, y, &)} exists.

This means that, for any % >0 and pel0,1), we can indicate e(n, B} >0, L (,p, e} >0,
§{(n,B,e, 8 >0 in such a way that, for the motion =z [t,1-1 9, -1, generated from position

{te, 24} & G by control law U° = {So"; &, As}, we have the inequality

Pzldol IS, )+ ) > B
ifeCeM B)y lys —ax I <<L(m, B, &), 58, B, & ), no matter what the noise (1.5). The
quantity p° is the least number that satisfies this condition. Below we describe the approxi-

mation of the function p°(f, ) based on the method of stochastic programmed synthesis /5/,
and on this basis we construct the strategy S,“.

2. Closeness of motions of the object x and model y. 1Let the set Ry = {ulle&
R,I1=1,..,N} be such that, for any u < R, there exists ul! & Ry, Ju — u!¥l | <. Similarly,
Wyp={"meW, m=1,..., M} is the set such that, for any v& W, there exists "l W,
{v — viml | (7. We form the n—dimensional vector r =z — y. Let the positions {7 zltnJ} =G
and {t,, ¥ I1,J} =G be found. wWe construct the motion y [#] in accordance with the equation

N, M
VL= AQYI S, o) prgt, T <t v (2.1)
, M=t

ulh = Ry, v™l e Wy, p* >0, ¢,* >0
N M

2 p[*:l, E Qm*:lv T*E(T*,ﬁ]
[£51 M=y

We choose the sets of numbers {p,°>0, l=1,.. . N,

g?fr:i} and {gm >0, gl?:::i};

which satisfy the equations

N.M
max O <r[ty]+f(ty ulf, vl pog,,) == min Idem (p° — p) (2.2)
g fLm=1 P

NM %7 o
min 3 (r[r,]f (T ull, vl™) p gy = max Idem (¢*°,— ¢*) 2.3
p* I,m=1, q

where rlr)=zlv,)—ylr,l

Here and below, Idem on the right-hand side of an equation signifies an expression which
is the same as on the left-hand side with the change of symbols indicated in the parentheses;
{refo is the scalar product.

The set of numbers {p,°}, {gm*’} which satisfy conditions (2.2}, (2.3) with fixed {ull},
{ttm1}, and rlt,] =7y, may not be unique. Given {ul}, oI}, and r,, we choose a set {p/°}
and a set {gn*°}. Let the probability P (u = ul'l & Ry) be equal to the number p°of the set
{p:° ..., px°}, which satisfies condition (2.2).

We introduce the function

vit, z, y)=| z—yPexp {<2h(t — t}
A=max [A(®)] 14@®)]= max ERGES

Lisd

Lemma 2.1. Given any &>0, there exist 8{(g) >0 and 7 (¢) >0 such that we have the
following claim.

Let T & (14, ®| satisfy the condition T — 1, < 8 (8) and n <1 (g). The motion ylt, [-l1v*l=
{y It], 7y <t << **} starts from the initial position {r,, ¥lt,J} &G by the set {Wn, ¢,*} in
the pair with any set {ut), p/*}. Let zlr, [-17*% 1= {2, o*], 7, <t < 7* o* & Q*}be the random
motion generated according to a scheme similar to (1.6) with t; = Ty b = 1%, z [f, 0* = 2z i7,]
for the chosen set {Ry, P} and any admissible noise vlf, ®*]. Then we have the inequality

MA{v(t, zlt, o*], y It} <v (14, Z [vel, ¥ lTel) + e (t — 7y)
for all fe=lt,, t*]. Here, {Q%, F*, P*} is the appropriate auxiliary probability space, and
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M {...} is the expectation.
3. Programmed extremum. We take the model w, described by the differential equation

Naus My
w.:A(t)w"‘ . Z‘il f(t, uillyu;[gm})p*ﬂ*m (3'1)

u,lg”ERm ULMJEW*y P*l>0, Q*m>0
$P*l:11 ZQ*mziy T <D
m

In (3.1), the values N,, M, and sets Ry, W, are fixed. Let k be a given positive

integer. We designate the division A{r} = {Ti =14 ... T;<<Tj1, j=1,...,k T =9} With
it we connect the random guantities {§1, ..., &, independent in aggregate, each of which is
uniformly distributed in the half-interval 0 < §;<<t. Each set {&, ..., &)} is treated as an

elementary event ®, in probability space {Q4, By, Py}, where Q, = {o,} is the unit cube in k-
dimensional space, B, is the Borel o¢-algebra for this cube, P, = {P,_‘ (B)} is the Lebesgue
measure, B & B,. The programmed extremum (/5/, p.291) is given by the equation

€ (Tyr Wy A (T3} )=, [(m*-X(ﬁ,‘r*) w,> + (3.2)

¢
M{S min max <m (1, 0,)- X (8, 7) X
T, P 9s
NooMs

2 f(t,u [f]y [m})p*l‘hm>dt}]

I, m=1

Here, I (-) = {l (0,), 0, =Q,} is an n-dimensional vector random quantity, given in {Q,,
By, P,}i X (t, v) is the fundamental matrix of solutions of the equation w = 4 (f) w. Moreover,
in (3.2),

HZCYI= (M {| (o) P}, my = M {i (04)}
mt, o) =M{IE& .. &ll& ..., &}
Ty, T

We introduce the quantity

(T ) = sup * (G A1 = ey (¢ >1|<?1UI|) Iy e ¢
I —[m3'/e

{‘i min max <(m,,, 4 n(r,0,)) X

1, P+ Qs
Ny My

X (ﬂy T 2 f(Ty U«,[;l], U* ]) p*lq*m> dT}
I, m=1

n(r, @) =M{®BE, .. & {E . 8 o< T<<Ti

On the basis of (3.2), (3.3), we construct the function (the prime denotes transposition)
P (Tas Yu) =— B (&, T) (1 + | X' (D, T) m° (Ths Yun &) B)1e + (3.4)
<m*° (Ttv yt' S)X (07 T*) y*) + x (T‘n m‘O (T‘a y*r E)) =

max Idetn (m,°(t,, Uy, &) —m,)
LS )

B2 (e, Ty) = & + e exp {2 (v, — fo)}

Noting that the function %(%,,m,) of (3.3) is concave with respect to m,, we can show
that m,’ (Ty, ¥y, 8) ©f (3.4) is a unit vector. Hence the vector function m,° (7, ¥s, &) is con-
tinuous with respect to T, and y,, while the function p®(1,,y,) ©of (3.4) is differentiable with
respect to y,. Hence there exists the vector gradient

0p® (T Yu)/0Y e = X' (8, T4) My (Vs Ys 8) (3.5)
which is continuous with respect to Ty and V..
4. Guaranteed result. we choose the set of quantities
{p*°, 1 =1, ... Re}
which satisfies for given Tyr Yo r and e >0, the condition

Ne) Mg

< op* (;y: Ya) Z f(Ty u[,,”, v,[,"'] % 'O> = mln max Idem (p**° — p*, ¢*° —q*) (4.1)
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for p*>0, ¢.* >0, lsz*: ) Z%n*:
m

Here and below, we assume that ullle Re, vlml = We, where R® = R,, W® = W, satisfy the
conditions of Lemma 2.1 for the given &> 0.
We can prove the following property of u-stability.

Lemma 4.1. Given any o >0, we can indicate e¢(a) >0 and & (x,¢) >0 such that, for
any {Ty ¥x} EG and 7* >1,, |1* — 1, | < b (o, &), the set {B%, p**} in combination with any set
{W¢,qm*}, generates from the position {1y, ¥s} the motion ylv, [-Iv*] = {y [t], 7, <<t < ¥}, for
which we have the inequality

O (%, 1 [T*]) T 0° (T Us) + @+ (T* — Ty) s

provided that e<e(a), 6 {0 (o, €).

We see from this that, given any [* >0, we can find an &({*)>0 and 6 ({* & >0 such
that, if division (1.4) satisfies the condition max; | ;0 — ¢; | <8 ({*, &), and the motion
ylt, [-19,0] is constructed with steps &; << #41, in such a way that {p/**°} are chosen from
the conditions of Lemma 4.1, and {g,*} arbitrarily then we have the inequality

[y [0, o] | <<p®(t, ys) + C*

provided & < & ({*). .

We construct the strategy S.” = {R,(-), p. (-); R.* (), p.* (+); Wo* (+), ¢.* (-)} (1.4), which we
shall call extremal. We use the motion y {t,.[-19, o] of model y as a guide to the motion of
object z. Let R,(-), po(-) be the rule which associates with possible values ¢°, 2° y°, and

>0 the sets {ul), p° I=1,... N., satisfying the conditions of Lemma 2.1 for 7Tx =1,
zlt,] = 2% ylu,l = ¢°, e = &, Further, let W.* (-), ¢* () be the rule which designates the sets
{im, g*, m =1, ..., M.}, which satisfy the conditions of Lemma 2.1l. Finally, R.* (-), p.* (¢)
is the rule which designates {ul!l, p,*’, Il =1,..., Ne}, satisfying condition (4.1). It can be
shown that functions pe (+), pe* (+), ¢.*(-) can be chosen to be measurable with respect to r,y.
For the motions [t [-]®, -] and y [t [-19, -], which are formed by strateay S," in accord-
ance with scheme (1.6), (1.7) at each step t; <{? < {51, we have the inequality
M {v (tiﬂv x [ti+17 (’)]7 14 [tiﬂv (l)]) l z [tiv o], ¥y [tiv o]} < (42)
v (ti, x [ti1 (l)]v Yy [tia (D]) + 8'<ti+1 - ti)
where M {---|--+} is the conditional expectation. By the expression for repeated expectations
(/9/, p.55) we find, by (4.2),
M (v (Lisg 2 [Lisn, @ Y (L1, ©])) < Idem (Bi4g — 85) + &+ (f100 — 83) (4.3)

From (4.3), using Chebyshev's inequality (/9/, p.51), we obtain the following assertion.

Given the initial position {f,, z,} &G, and any n >0 andP & [0,1), we can find e(n,
) >0,t(mpP,e) >0, and 8(m, P, &, ) >0 such that, for every motion z[f, [-19,-], formed
from position {l4, ¥} by the above method with & <& (n, By lye — 4 IS (M, P,e) and with
division A, satisfying the condition max; |ty —1& [<CO (0, B, e, £), we have the inequality

P(lz[® o) | <<o* (terze) +m) > B (4.4)

no matter what the noise (1.5).
Let U, = {S,*; & As} be the law (1.3), corresponding to strategy S¢fs Then, in accordance
with (4.4), the guaranteed result p (U, of (1.8) satisfies the inequality

P(Uei by Taor Yus B) O (Lier 24) -+ M* {4.9)
provided that &<Ce(n*, B),8 << (M*, B, e 0), [ ¥ — 2 | < L (%, Br 0)

5. Optimal guaranteed results. We take the model z, described by an equation
similar to (2.1) with y replaced by z. We can prove a Lemma similar to Lemma 2.1 concerning
the closeness of the motions of the object z and model z, where the sets {Wy, ¢.°}) are chosen
for the object, and sets {Ry, p/*°} for the model. We have the property of V-stability of the
function g (v, {wy, . .., wn}) = e (z, {wy, . . ., Wy}, A {T;}).

Lemma 5.1. For any @ >0 we can find &(a) >0 and 98 (a, &) >0 such that, for any
(T w,}, TF > 1, | TF — 7, | <8 (®,8) and the set {py;} there is a set {gym}» which in combination
with {p,;}, generates from position {ty,w,} a position {t*, w[t*] = w*} such that we have the
inequality

06 (T*, {101, + « +, Whs1}) > Pe (Tyo (Wigr - - + 1 Wargd) — &+ (T* — T,)

if ee(a), 6 <6 (a, &)
Using the motion of model z as a guide to the motion of object =z, wecan find an appropri-
ate law of formation of the noise ¥, for the object so that our claim holds. For any motion
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z[t, 119, -], generated from position {i,, z,} & G by any law U {in accordance with scheme (1.6))
and law ¥, with a suitable particular division {1.4), we shall have the estimate

P(lz]8, 0] |2 pe{te, ) — M) > B (GRY]
for &< e My, B), 8 <O (ny, B e)
We have the inequality
0% (ta 20) ~ P2 (b 2 [ << B ) 62
(limy(e) =0 as e—0)
Using (4.5) and (5.2), we find that
p(Ue§ Ly Tgr Yt 6) < Pe (t*7 Zy) + X
for e<Ce(y, B, 88 (x, B, o).
At the same time, according to (5.1), there is no admissible law U (1.3) which can
guarantee the inequality
PAU tas T Yy B) < Pe (Bgr ) — 4
for values of B close to unity, and a« >0
From these inegualities we f£ind that

P* (ty, Ty) == Lim p® (ty, 2,) (5.3)
e—0

and that we have the following.

Theorem 5.1. The quantity p* (f., z,) of (5.3) is the optimal guaranteed result p° (fy, @)
of (1.9) for any position {f4,o,} €& G. Strategy S.* is the optimal strategy S,* of (1.9).

Notice in conclusion that, to evaluate % (te, m,, A{1;}) of (3.3) we can use the following
procedure, which follows at once from the definition of this quantity. We evaluate the
function

@ Nk, M
Yy (my) = I (1, ) = S minmax < mpX (8, 71) D) Fx, ulll, i) X Pagtim > dv
5 P s 1, et

Let the function o¢{m, be the upper concave hull for ¥y {ms with |[m,}<1. The further
construction of the functions gi(m,)(i=k—14,k—2,...,1) is made in steps. Let the function
Qi (my) (i =k, ..., 2) be constructed. We evaluate the function

q’i.; (m*) == @, (ma) +7 (Ti..p Ti)
The function g;,(m, 1is constructed as the upper concave hull for ¥;,{(m. for |mel<HL.

The function ¢ (m¢) is egual to *(te M, A{T}). This procedure amounts to a sequence of convex
programming problems.
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